CHAPTER XI. 


PRELIMINARY TO INTEGRATION OF f X ds WHERE 
Q IS A RATIONAL QUARTIC. DEFINITIONS 
OF ELLIPTIC FUNCTIONS. ELEMENTARY CON- 
SIDERATIONS. 


367. In many problems of both pure and applied mathe- 
matics, such as the investigation of the length of an arc of 
an ellipse, or of a lemniscate, or the time of a finite oscilla- 
tion of an ordinary simple cireular pendulum, integrals occur 
in which the integrand contains a square root of an algebraic 
function of higher degree than the second. 


Now the integral [25 


where Q is the general biquadratic function 

a92* -- 4a, 2° + 6a,x?+ 4a,7+-a,, 
cannot in general be integrated by means of the circular, inverse 
circular, or inverse hyperbolic functions, though it has been seen 
that for particular values of the coefficients this may be possible ; 
for no such function is known which will, on differentiation, give 


rise to the general expression E. as its differential coefficient. 


Hence, in discussing such an integral as this, we are in a 
position similar to that which would have occurred if we had 


required the integral ceram 


or inverse hyperbolic functions had been discovered. ‘The 


before the inverse circular 


integration even of the case ex: would then have pre- 


383 
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sented a difficulty. And the necessity for the consideration 
of such an integral would have formed a suitable starting- 
point for the investigation of such functions as would have 


i for their differential 


E or, mcre generally, ATIS 


coefficients. 
And the whole theory of such functions could have been 


built up from this starting-point. 
4 


368. For instance, let Fa)=f" ee 
Then F(0)=0. 3 
Let z and y be two variables connected by the equation 
dx dy 
Jimi iy 
1.€. F'(z)dz4- F' (y)dy —0. 
The integral is F(x) + P (y) —constant =F (2), say, where z is 
the value of y when x vanishes. 
But multiplying by /1—2? J1— y?, 
dar/1—y?+dy/1—a? =0, 


and we can integrate this by parts, viz. 


T 


—— Yy —— a M 
zl =H Jen dy--y/ i-e [us = & — constant =C, 


-— da: dy 
C. 1— 2 1— 2 —q——— "Jm U, 
Sh ovisk alarde MANNA SRA oce (ay (Fast s) G 
and the part under the integration sign vanishes. 
Hence, z/1— y? -- y /1— 2? —2, say, where z is the value of 
y if x vanishes. 
Hence we have the addition equation 
F (z) +F (y) 2 F (z/1—3? 4-yJ1—22), 
and if we then choose to write sin-! (a supposed unknown 
symbol) for F, we should have 
sin-!z J-sin-1 y— sinc! (2/1 —y?+ y /1— 22), 
or writing sinz—Ó and siny — 4, 


sin (0 4- $) —sin 0 /1— sin? +sin $ /1— sin?6, 


WWW.rcin.org.pl 


ELLIPTIC INTEGRALS. 385 


and we should thus have arrived at one of the fundamental 
propositions of trigonometry, and could have built up the 
general theory. 

Such is actually our position with regard to the integration 


of is N where M and N are 


rational integral algebraic functions of z, and Q is a rational 
integral algebraic polynomial of degree higher than the 
second, say the quartic 


Qs a,z* 4- 4a42? + 62,2? 4- 40,2 --a,, 
and the absence of knowledge of any function which, upon 


differentiation, would give a general result of this kind long 
barred the progress of geometers. 


369. It was natural that after having exhausted the dis- 
cussion of integrations which could be expressed algebraically 
or by means of logarithms, or by inverse circular functions, that 
is in terms of arcs of a circle, that investigators should turn 
their attention to such expressions as could be integrated by 
means of arcs of an ellipse or a hyperbola. Thus Colin 
Maclaurin, in his Fluzions, vol.ii, Art. 799, of date 1742, 


or, more generally, | 


discusses al or as it would now be 
written 5 ame i.e LE we which he expresses as 


[Ir ^ 3) Jay 


the arc of a rectangular hyperbola of semi-axis unity, viz. 
drawing a tangent at the vertex A of the hyperbola, centre C, 
and a circle with the same centre and radius z cutting the 


tangent at the point M, then letting the bisector of ACM cut 


the hyperbola at E, arc AB=3( ey which we leave 


to the student to verify. 

370. The real starting-point of the general theory of such 
integrals, which have been termed Elliptic Integrals, from 
their intimate connexion with that curve, may be taken to be 
Fagnano's discovery,* that upon every ellipse or hyperbola 
it is possible to assign in an infinite number of ways two 


* Fagnano, Produzioni matematiche, tom. ii. 
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ares whose difference is equal to an algebraic expression, and 
that the lemniscate “jouit de cette singulière propriété, que 
ses ares peuvent étre multipliés ou divisés algébriquement, 
comme les ares de cercle, quoique chacun d’eux soit une 
transcendante d'un ordre supérieur."* 


371. Definitions. Various mathematicians, Euler,t Lagrange, 
Landen$ and others, turned their attention to this matter, and 
much progress was made. But the chief advance was due to 
the investigations of Legendre, first in his Mémoires sur les 
Transcendantes Elliptiques, 1793, and, after a long interval, in 
his Exercices de Calcul Intégral, 1811. In this last work he 
treated the general reduction of the integral 


P dz 

Te’ 
where P is any rational function whatever of z, and Q is the 
quartic function 

a,x*+ 4a,a? + 6a,2°+ 4a,27+4,, 

showing that in all cases the integration may be made to 
depend upon that of three fundamental integrals, viz. 
F(0 ly [s =f s 
i ov 1— k? sin? 0 9 A’ 


6 6 
E(6, 8-[ VIF sinà d0=| A d9, 
: do $ where A =J/1—K? sin?0, 


o(1-+nsin?6) /1—K? sin*0 
3 ; de 
-[ (14-5 sin*0) A’ 

which he calls the “ Elliptic Integrals of the First, Second and 
Third kind respectively," k being a real constant quantity less 
than unity, called the modulus, and n any constant whatever. 

372. Legendre in a footnote, (pages 18, 19) of the Exercices suggested 
names for these functions, but it does not appear that the names were 
generally adopted, except as to the initial letter E and II still used for 
the second and third. He remarks: 

* Ces fonctions réunissent un si grand nombre de propriétés, que 

* Legendre, Exercices de Calcul Intégral, 1811. 
t Euler, Novi. Com. Petrop., tom. vi. et vii. 


i Mém. de Turin, tom. iv. 
$ Math. Memoirs, by John Landen, 1780. 


II (0, k.n) =| 
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quand elles seront plus généralement connues, on jugera sans doute 
nécessaire de leur imposer un nom particulier, et de désigner la 


fonction de c et $ égale à Í vd comme on désigne Parc dont le sinus 


est z, ou le nombre dont le logarithme est y. Il semble qu'on carac- 
tériserait assez bien la fonction F en lui donnant le nom de Nome, 
parce que cette fonction a la propriété de régler tout ce qui concerne 
la comparaison des fonctions elliptiques. Peut-étre conviendrait-il en 
méme temps de donner les noms d’Epinome et de Paranome aux fonctions 
E et II que constituent les deux autres espéces.” 


373. Legendre established addition formulae for each of 
these functions analogous to the trigonometrical formulae for 
sin(@+¢), cos(@+¢), whence their whole theory may be 
deduced, as for the ordinary circular functions of trigo- 
nometry, and their numerical values calculated and tabulated 
for definite values of k and n. This having been done, they 
are available for numerical use, as in the case of the circular 
and inverse circular functions. 


374. All three of Legendre’s standard forms are compre- 
hended in the one formula 


@  (*A--Bsin?0 dé 
Mode [4] =I. 1-4-nsin?0 J/1— £3sin?0 
The cases are 


A-1 B—0, n=0, H=F(6,h), 
A=l, B=—k, n=0, H=E(0,k), 


A —1, B —0, H —1I(60, k,n). 
375. The “Complete Values.” The Real Periodicity. 
A+Bsin*0 1 


The function T+nsn% Jia ante 
obviously goes through all its values four times, as Ó increases 
from 0 to 27, and then repeats the same cycle. The values 
in the second quadrant are merely repetitions of those in 
the first, passed through in the reverse order. 

It is clear then that 


(f(a) [a ne 
and that [2]- [a] 
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H 
We may call |H ] the quarter period of the integral H. 
0 


In the case of the first elliptic integral, this “complete” 


7 
integral J. JI BS is denoted by F, or K, and called the 
real quarter period of F(0, k). 
Similarly, E, and II, are written for the “complete " integral 
of the second and third kinds respectively, t.e. when the limits 


are 0 and Şi and E,, II, are the respective quarter periods of 
E(0, k) and II (0, k, n). 


yt y t do 
S Je i—Rsintó (J, ) 1—# sin? 


K—F 


| analogous to cosx -T sinc |. 


In this respect these integrals resemble the length of the 
arc of an ellipse, or of any oval symmetrical about two per- 
pendicular axes. In fact, as will be presently shown, one 
of them, E, represents the length of an are of an ellipse 
measured from the end of the minor axis. And it was 
this particular fact that led Legendre to style them Elliptic 
functions. 

It will be noticed that the “complete” values are not 
numerical until the values of k,n are assigned, but are func- 
tions of k and n. 


376. It is not the object of the present chapter to discuss 
elliptie functions at length, nor to establish the mode of 


reduction of [7c to one of the above canonical forms. "These 


matters, as well as the addition formulae, will be postponed 
for later treatment. The present chapter must be regarded 
as an introductory description of such functions, so that the 
student will gradually grow accustomed to their use in cases 
that may appear in treating of the rectification of ellipses 
and other curves. 


S ENT rm [| 
WAMAN FCIN ALKA NH 
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317. The Jacobian Notation. 


9 
In the integral u=| it is usual to call the 
0 


dé 
J/1—# sin? 
superior limit O the amplitude of u, and write it as 
0 —am u, 
and in accordance with the usual notation for inverse functions 
vu —am-!6. 

Thus am = eas on... 

| P J o V1 — k? sin?0 

If z —sin 0, we have z —sin am u, which is abbreviated into 
z-—snu and w-sn-!z. 

Similarly, /1— 2? —cos 0 —cos am u, abbreviated to cn u; 

x 
J/1—3à 

The quantity /1—X?sin?0, which we have called A, may 
be written A(0), (mod. k), or A(0, k) when it is necessary to 
put 0, & in evidence; 

^ J/1—#F sin?0 = Aam u, 

which is further abbreviated to dn u. 

Thus dn u= Aam u = A0 = V1 — F? sin?0. 

The names of these expressions, sn v, cn v, dn vu, are spoken 
as spelt, ùe, each letter read off. 


378. Differentiation. 
From the integral itself 


—tan 0 — tan am u, abbreviated to tn u. 


du . 1 ar ob 
dð Jik sint dnu 
Hence we can differentiate each of these functions. 
Thus 


Zonu = sin = cos 0 = en u dn v, 


Fon u =- cos 0 = —sin 079 — enu dn v, 

d _@ zz-;5 Aisin0cos0d0 —— 

Tu n u ap — k? sin 7 era S k? sn u cn u. 
It follows that any expression involving such functions 

may be differentiated by the ordinary rules of differentiation. 
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379. Integration. 


Conversely, we can integrate various forms involving such 
functions. 


Thus fen udnudu= snu, 


[o u dn u du — —en u, 


[muenudu- — is dnw. 


.380. The elementary transformations are merely those of 
ordinary trigonometry for single angles. 
Thus en*u =cos?@ = 1 —sin? — 1 —sn?u, 


sn?u —sin?0 = 1 — cos? 0 = 1 —en?u, 


dn?u —1— k? sin?0 —1— E?sn?u, 
sn u en 1 
tn u ———, cinuzceotamu-——— —;—, 
enu snu inu 


sn?u + en?u — 1, 


dn?u4- k? sn?u — 1, 


ete. 
. - (* dx 
egy tryed, Ff Lee 
TN | SSS 


which exhibits the quartic nature of the radical. 


; z dz 
The equation u— f AeA 
x=sn u, (mod. k); or as sn(u, k); 


and w-sn-!z,(mod.k); or sn-!(z, k). 


may then be written as 


382. The earlier authors treating of this subject, Legendre, 
Euler and others, regarded the direct integral u as the func- 
tion to be studied, and @ as its inverse. 

The course followed by all later writers, Abel, Clifford, 


Ferrers, Cayley, Greenhill and others, is to regard 0 as the 
direct function and v as its inverse. 


JACOBIS ELLIPTIC FUNCTIONS. 391 


288. The inverse nature of u is expressed in calling it 
am-!0, and this is in conformity with the simple case where 


k=0, viz. i dz e MN 
^j Vio 
whilst A, = Kxe s NOU -—gn-!i (a, k). 
o V(1—a*)(1— k?z?) 


384. Complementary Modulus. 
It is desirable to introduce a new quantity k’ such that 
Be+k2=1; 
k' is called the complementary modulus 
385. Transformations. 


Each of the functions, sn u, cn u, dn u, tn u, can be expressed 
in terms of the others. 


If snu-—z, enu —4V1—a? =J/1—sn?u 
dnu—41—E$33—4A1—A?sn?u 


Gb prd enam m. 
~ f/i—e2 mu 4i-—sniu 
If enu—z, snu=J/1—2* MEE EE 
dnuc/i-Eü-s) =V, 
Mak Sed 2 
ic doas .yl—en*u 
od enu 
Idus mweci-t - J1—dniu 
, E TiC = i 1 
| AJi— 1-42? e dn? "E 
cn u= r ic : 
SE a a EEE 
dim me ^ Ndn?u— E? 
If tnu=a, snu- —— mes o 
V1+2? J/1-4- tn?u 
: TURPE: CUN 
TEES — JT + tne’ 
mu VEEE _ (TERR 
aaa ie —N 1rtin!u 
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386. Inverse Notation. 
With the inverse notation the same formulae would be 
written ; 


sn-ig —en-!/1—3—dn-!/1—E233? = tn — = 


J1—2’ 
ao ie (pem 
en-!g —sn-t /1— 2? =dn Jk? F k?z? = tn-1 oe aia 
J1— 2? 7 ws 
dn-!z=sn-! done =en-! væ- i? k =tn-} Ji—« 
k k 2—L 
in-!z —sgn-!—————ci-l 1 - dn TE) 
Jl Fa J1+2? "Mia 
x cos 20 4- cos 2B, 14-cos 26 
387. Ex. cn 1( tress EE ) 


ya cos 20 -- cos 2/3 


-a( i eye? cos B) 
m (A829, eos 8) 


sn-! (e cos p). 


Similarly 
an QER a F: A) =s dE (= d sin (B). 


388. Illustrative Examples of Reduction to the ye Form. 


1. Consider — I= us ue (a «5 «a). 


Let z—b sin 6, 
x rf b cos 0 dO 
~ (a? — b? sin? 6) b? cos? 9 
b 
6, -). 
puse f a) 
0—am (a1), 
v=bsin 0—bsn (a1) ; mod. $, 
: rt LOMA f^ a) 
Tai sw (5, 2) 


(! dæ 
z VI- 


9. Consider the case J= 


Put z-— cos 0, 
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i-[ — gin 0 d0 
7 Ja sin ONT + cos? 0 


-f Jum Ji V1—4$sin?6 
1 ix 
7A F^ a): 
0—am (I4/2); mod. 7, 
z—cn IN, 
DUE 1 
am ! (a, J): 
3. Consider 
n MID d Ba Mobic: er where a<b<c<u. 
/4 (a — a) (z —ó) (z—c) 
Let x — a= (c — a) cosec? 0. 


Then — (c — a) 2 cosec? 0 cot 0 dO 


e a ae 
WP ALITCR 
"$ ~ (c-a) — (b — a) sin? à 


1 9 d 
m-———  -——— ——Um—— 
e. Ph 
b-a 
c— ea? 


0 —am (Ve—a I) ; mod. 


Ma =sin Ó—sn (Ve—al) ; 


X—aà 


Pyme OE rus) 


4. Consider the case 


: da 
=f eU M 
Put «+ A=(1+A) cos? . 
Thus, 
1f — (1 +À) 2 cos sin $ d$ 
$ N(L— À-- (1 +A) eos? pH (1 + A) —(1 + A) cos 4) (1 + A) cos? 
2b 1 ghee. See 
0 A/9— TUN 


a irren ccm = irl AN. 


l- i sin? d 
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—am (5). cos ó en (7), 

I1- 43e (NT uis LAS 

If z—cos 20 and AXE 
I- =V3 en (808 


os f" cos B). (Art. 387.) ~ 


Laan ize NS) 


=V3en7 (Sin f in p, sin B). 


These integrals are useful in the rectification of a Cassinian oval. 


Similarly, 


5. Consider the integration 
ye 
Iz F iil =" de, z-«c«a. 


Futting z—csin 6, 
d — HT " ce . 
1=[ vaai doa |, A1 -S,sint8 a0 


c 
= aE ( 0, 2) 
6. Consider the integration 
3 
raf" dE s ad^ where 72 c2 a. 


Here we may put 


Vc? — a? sin? w 


'Then am ———— ————-, 
COS w 
axi : dz (—a?)sin w [ 
de costwJe—a*siniw 


c?—a? 
. I= dw 
=f ama Ve —aésin?w 


9, €) - a? sin?« — a? cos*w 
pine —————————— 


d 
A/ c? — a? sin? 2 


= [ stova aiude- |, 7 = 


— = sin?o 
a? sin?«w — a? 
A/ct — a? sint o 


— D (e E - a?sin? 9) 3 


—tan w/c? — a? ainte+ | 


(c 
Al Seely LN c 
-tano i aisintu 4 | T Mm pos m 

N — a? sin? 
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ird 
— tan wy c? — a?sin? w plea SW e 


a? 
o N 1 os sin? 


-e | Nh - sint do 
: c?— a? a a 
=tan wc? — a? sin? o + F(u, $ -eE(o =), 


the integration needed in the rectification of a hyperbola. 


7. Reduce the integral 
T Í IN atest a Drain a? cos?  4- b? sin? 0 
a? cos? 6 + D? sin? 6 4- c? 


to Legendrian form, taking a> b. 
Write btan 0—a cot x. 


| q&a cosec?x dy - d 
Then d6= p SATA —ab y DI oy 


dé, 


1+ B cot? x 
Hence 
fa [ Ala? 4- btan? 0 
0 N (a 4- c?) + (B+ et tan? 9 
RF eM IS DINE abd 
=- CE, Oe ae eS 
re qfi (a20) + (020) S cot*x sin* y + a^ cos“ x 


ih Ro ape. , Tian emi bas ba 

0 [a? — (a? — b?) sin?x] J (a? 4- c?) b? sin? x t (0? + ca? cos? 

fi ESEA o MALUS SEO 

0 [a?— (a? — b?) sin? x] t i a? — (a? — b?) esin? x 

ab? iin cain asocio, 

aN (b3 +e a , 

) 0 (1-9 sin 2x) Ah - 955 Siy p as Č sin? x 
b? c , [a3 — 8 p 
-gyera (% Nege 7.) 
an integral of the Third Species. 


This integral is needed in the rectification and quadrature of a sphero- 
conic. 


389. The Simple Pendulum. Dynamical illustration of the real 
periodicity of F, 

Consider the finite oscillation of a simple circular 
pendulum. Let @ be the angular displacement of the rod 
from the vertical at time ¢, a the extreme value of 0, m the 
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mass of the bob, a the length of the rod. The line of 
zero-velocity in this case cuts the circle described by the 
bob at two points A, A’ between which the bob oscillates. 


Line of zero velocity 


Fig. 38. 


The energy equation is 
$ ma? = mg (a cos 0 — a cos a) 


a ini€. a pt 
=2mga (sin 9-85 


giving t= Ni | Toms 
inta sink 5 S 
sin? 5 —sin 


2 


t being measured from the instant at which the bob passes 
through its lowest position. 
S98 (à 
Let sin 5= sing sin $; 
2 sin 5 cos $ dó 


ud6Lm————— 5 
vi -sin® 5 sin*ó 
cin dé 
due e 
v 


eren 
^to an 16; (moa. sin2), 


SIG UO iU (4/24) 
Ue. sin; = sing sn ae . 


- oF nar UE lean I 
AANANAS FOIN LD Yr" 
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When @=a, and .'. $-7 , 620, and the time to this point, 
viz. T, is pion by 


^ v; J i i ats sigh (mod. (s 5) j 


and is the quarter period of the whole time of a complete 
oscillation. Writing K for F, it appears that the function 


$ do 
A1 - sint sin? $ 
^ lp 2 


is periodic and has a real period 4K. Thus F, or K is called 
the “quarter period of the integral F,’ viz., 


= S. ub s) where k — sin € 
=| zo i 2° 


For an indefinitely small oscillation a is infinitesimal and 


T=5 d , the ordinary formula for a small oscillation. 
g 


390. Complete Revolutions. 
Case of the pendulum making complete revolutions. 


Line of zero velocity 


Fig. 39. 


In the case when the line of zero velocity is at a height h 
(> 2a) above the lowest point and does not cut the circle 
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described by the bob of the pendulum, the velocity of the bob 
is not exhausted when it arrives at the highest point of its 
path. The rod then makes complete revolutions and does not 
oscillate. In this case the energy equation is 


4 ma? 6 = mg [h —a1— cos 6]; 
1 2g /À 0 
. P= op (7 2sin's ) 


2 
-»( 2 gi ; af), : 
and NAgh. , Uum NN 
sr 1-4 sint 
0 hc: 
Let = 24$, 
" 
Ex 7 = ; Me 1) 
1: A abet 
l. sin? $ 
2a, 
=F (+, 47) 
The time of a half revolution is given by $ 
E M 2a 
and TL mod. T 
0 , |- N2gh 0  Nv2gh 
yh £g j Tome a ^ 


2a UM i NE. a 
sah ee Ce = I E 
d i (sin 5, 1). 
391. LEGENDRES FORMULAE. 


Legendre gives (Exercises, p. 199) a list of results connect- 
ing various integrals at once by elementary means with the 
first two standard integrals of Art. 371, viz. 


[re b. f Ad6— E (0,3). 


oA 


These we may usefully reproduce for reference, and they will 
furnish a useful set of examples for the student to verify. 
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EXAMPLES (LEGENDRE). 
Prove the following twelve results: 
"Ww 1 k? sin 0 cos 0 
1. |, As pa (0 E) pa AR 


[Putting P aoe and differentiating, we obtain, after 


2 
a little reduction, BU AMA. then integrating we obtain 


the result stated.] 


e sin?0 d 1 
2. f mA = gf-BE 
cas Odot — 1 4 
3. f c = pE—kir) 
0 2 
4. | ee = ja (Atand+h*F— B) 
0 
? tan?0 dO 1 
5. i AU pa(Atand—Z). 
" tan! do " 
6. 2 A a= . 2A tang + F—2E. 
6 
sect ode e 
7. R— = 3AtnjH2F—2R. 


8. | A sec? d0 —  Atan0--F —E. 
0 


6 
9, | Atan?6d@= Atan@+F—2E. 


0 eed ‘2 
10. [ A MA P Asin 9 cos0-+*— p p 
0 
11 (e Asinto 0 — — A sin 6 cos 0+ s Etga? 
ETG * 3k? 3k? ` 
9 à 14-22 k’2 
12. |, A costo do = 34 sin 6 cos 0+ -azy E — 1 F. 


392. Further discussion of Elliptic integrals is reserved till 
Chapter XXXI. Enough has been written to explain their 
nature, and the student will be able to employ the notation 
when wanted in the intervening chapters. 
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EXAMPLES. 


—sin 0 
Perret ate shew that 


1. By putting aan 
) Lra Me ey 
aVva(1 ermB Ti —-jsinf8 /2 ( Ja) 
and that ` 


lsn (u2) BN ATE DE pur pr E 
1 +sn (u/2)’ (mod. 7); ie uc T n (Ea 427; 


2. Prove that 


F6 ) 5 (1+ P Prat); 
and that F,(0, 45) = 1:574745 very nearly. 
3. Prove that 
2,8 I$, 95.5 
E,(6, B-3(1- a - mp- arat- A 


4. Prove that 


IL (8 a) - 5| 1 « (2/8 - a)g* yh jn!) A 
1.8.8, 1.8 aA. 5 
+(e- 2. Sor jn n)a a 


+...) ifn be < 1. 
5. Establish the truth of 


1 M 1 \2 1 ] 2 
(o) mut) (enu) -( rr 
enu snu 
Os r l^. 4 


chu+snu snu enu 


o scm) Gao (GEE) 


l-cenv 1 cn u 


V Tenn" snu snu)- 
6. Prove that 


(1) dn?u - I? cn*u = £2, 


(2) — 4- tn?u, 
1 1 
(3) sn?u Tb tn?u 
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EXAMPLES. 


7. Prove that 


(1) j, 90 Y= 2 sn v en u dn u, 


p+1 
(2) |sn?wen udnudu=——, 
pri 


(3) [bars dn v dei in Dr a (EE 
ulia 3 _ 2 a+benu/)’ 
8. Prove 


2snucnv=sin (am u 4- am v) 4 sin (am u — am v), 
2 en wen v = cos (am u + am v) + cos (am u — am v). 


9. By putting z =a cos 0, show that 
pie m at RR ri aes 
EMI ON (8 i 
10. Prove [-= - e? (G, 3i 


11. By putting E ye show that 
7» de I- .,/2$-a 75) 
z Jaita 2a" (a J2/ ' 
12. Prove that 
dz "eom 
z Jai 2a%2 cos 2a +24 2a at P. a) | 

13. Prove that 

sn K—1, cu K «0, dnK=k, tn K—o. 
14. Prove that 


(1) f (sn w--cn uy" =n (sn u + en u)"7! (en u — sn wu) dn u, 


nf/1.9 ha — 
(2) [@tsnutenw) (Een u "med (nt) 
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a>b. 


(k? sn u + en u)"*1 


15. Draw graphs of y — A0 and y= M showing that the former 


consists of an undulating curve lying entirely below the line y — 1 and 
the other of an undulating line lying entirely above the line y — 1. 


Take the cases k? =} and 1?- 1. 


Show that the areas bounded by these curves, the 2z-axis, 
the y-axis and any ordinate at a point whose abscissa is Ó represent 
E(0)and F(0) completely. Examine what happens in the limiting 


cases k=0 and k=1. 
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16. Show that the complete elliptic integrals of the First and 
Second Species may be expressed as 


F, -5/ $, l, k?), 
Ey=5A -$ b 1, k?), 


where f(a, b, c, x) is the hypergeometric series 
| a.b, jaa c 15541 


1 ———— 
Te iain, ‘ 
17. Show by differentiating F(0, k) and E(0, k) with regard to k 


a) £2 -1ai- n, 


-— AE " k sin 0 cos 0 
ace Enel 
Hence, eliminating E and F alternately, show that 


ËF 1-3khdF ,, sin6cos0 
ü-Mggt p gp 6-0 


ŒE 1-kdE sinÓ cos 0 
(l-h) e+ a o A zx 0, 


and for the complete functions F}, E, 


dE, 1-3&dF 
aset hr ^ ms ee 


dE, 1-BdE 
Cimi uak u 


+E, =0. 
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